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ABSTRACT 

This paper introduces a novel theory of tax evasion, suggesting that the optimal decision to evade taxes is influenced 
by agents' portfolio technologies. The theory argues that evading taxes involves the use of specific production technologies 
("hidden technologies") with returns that differ from those of technologies that require tax compliance ("visible technolo-
gies"). As technological progress affects the gap and returns between these types of production technologies, the optimal 
level of tax evasion shifts. Furthermore, considering social customs, the paper concludes that the overall level of tax 
evasion is determined by the prevalent nature of technologies in the economy. This theory is empirically tested using a 
panel cointegration framework, analysing data from 67 countries between 2001 and 2020 to ensure broad relevance. The 
empirical results confirm the theoretical model, even when accounting for variations in R&D expenditure levels. 

Questo articolo introduce un nuovo modello teorico di evasione fiscale, suggerendo che l’evasione fiscale è influen-
zata dal progresso tecnologico. Tale teoria stabilisce che gli individui possono scegliere di evadere le tasse attraverso 
la scelta della tecnologia da impiegare nel processo produttivo, le tecnologie produttive disponibili differiscono sia nel 
rendimento marginale, che nell’opportunità di nascondere i redditi generati all’autorità fiscale. Utilizzando dati panel, 
raccolti per 67 paesi, fra il 2001 e il 2020, viene condotta un’analisi empirica che conferma i risultati teorici. 
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1. Introduction 
Although there is no consensus on the role tax evasion plays in the economy, it is widely 

acknowledged as a negative side effect of taxation that creates adverse effects on economic systems 
(Slemrod and Yitzahi, 2002). Consequently, it is important to limit tools that alter taxpayers’ 
behavior. Issues such as tax evasion and the shadow economy’s size and impact are key economic 
policy objectives worldwide. While the terms “tax evasion” and “shadow economy” are often used 
interchangeably, the shadow economy encompasses all economic activities not registered by 
authorities and avoiding governmental regulation or remaining hidden from the state for tax purposes 
(Schneider 2012). The shadow economy involves not only tax evasion but also non-compliance with 
labour market regulations and avoidance of other administrative requirements, meaning that factors 
affecting tax evasion also impact the shadow economy. 

The literature on tax evasion and the shadow economy is extensive, considering the numerous factors 
that theoretically influence individual tax compliance decisions. Dell’Anno (2021a) categorizes the causes 
of tax evasion into: the taxation system (including tax burden, marginal tax rate, and complexity of tax 
regulations); labour force participation and composition (such as self-employment rate, unemployment rate, 
and percentage of illegal immigrants); tax enforcement (cost and probability of audits, penalty schemes); 
regulatory system (rule of law, labour market regulation, restrictions on immigrants); institutional quality 
(corruption, public policy fairness, media and economic freedom, public goods and services quality); and 
tax morale (the rejection of tax fraud by taxpayers). Empirical studies find correlations between the shadow 
economy and various economic factors, such as financial development (Bittencourt et al., 2014; Berdiev 
and Saunoris, 2016), inflation (Bittencourt et al., 2014), business cycles (Elgin et al., 2021), economic 
growth (Alfonso et al., 2020), inequality (Dell’Anno, 2021b), poverty (Bonnet and Venkatesh, 2016), 
economic development (Goel and Nelson, 2016), and education (Uyar et al., 2022). 

In our view, technological progress, a key driver of economic growth, significantly impacts tax 
evasion, influencing the variables identified in the literature as main causes of the shadow economy’s 
size. R&D expenditure serves as a proxy for technological progress, yet few studies have explored 
the impact of R&D expenditure on the shadow economy. 

Our analysis extends the existing literature in several ways. First, we propose a theoretical model 
examining the relationship between technological progress and individual tax compliance choices. 
We suggest that technological progress affects labour/leisure choices by altering returns on different 
production technologies, with advanced technologies being harder to conceal from authorities. We 
then conduct a panel cointegration analysis to investigate the long-term equilibrium between R&D 
expenditure and the shadow economy size, confirming our theoretical findings. To our knowledge, 
this is the first attempt to explain the link between technological progress and tax evasion. Unlike 
most studies that apply OLS or GLS to non-stationary panel variables, generating spurious estimates, 
we use FMOLS and PMG procedures to produce consistent and robust results, addressing potential 
endogeneity, serial correlation, heteroscedasticity, and cross-sectional dependence. 

The rest of the paper is structured as follows. Section 2 reviews the related literature. In Section 
3, we introduce the theoretical model and interpret the results. Section 4 outlines the empirical 
methodology, discusses the baseline findings, and presents various robustness checks. Section 5 
offers some concluding remarks. 

2. Related literature 
The literature on the economics of tax evasion is extensive, covering both theoretical and 

empirical aspects, and has been reviewed multiple times (Dell’Anno, 2022). 
The economic analysis of tax compliance began with the seminal study by Allingham and Sandmo 

(1972). This study combined the concepts of the economics of crime with the principles of optimal 
portfolio theory, examining a risk-averse taxpayer with exogenous taxable income making portfolio 
choices under uncertainty to maximize expected utility. The risk in this context arises from the 
possibility that tax authorities may conduct random audits. If evasion is detected, a fixed penalty rate 
greater than the tax rate is applied to the hidden income. 
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In 1974, Yitzhaki modified the model by assuming that if evasion is detected, a fine proportional to the 
tax rate is applied. This modification, known as the “standard model,” provides clear comparative static 
predictions. According to the Allingham-Sandmo model, and supported by empirical evidence, the optimal 
level of tax evasion decreases when either the audit probability or the penalty rate increases. Additionally, as 
absolute risk aversion decreases, tax evasion becomes positively correlated with income. However, the 
standard model has faced criticism due to its foundational assumptions, limited real-world applicability, and 
the prediction that optimal evasion decreases as tax rates increase. Yitzhaki (1987) challenged this prediction 
by suggesting that the probability of detection increases with evaded income, especially for risk-neutral agents. 

Some authors have relaxed the assumption of risk-neutrality in their studies (Cremer and Gahvari, 
1994). The incorrect predictions of the standard model are often attributed to the reliance on expected 
utility theory, as proposed by Von Neumann and Morgenstern (1947). To address the limitations of 
expected utility theory, several authors have incorporated non-expected utility theories into the 
analysis of tax compliance decisions. For example, Dhami and Al-Nowaihi (2007) have employed 
prospect theory, which introduces a reference point against which gains and losses are evaluated, 
resulting in a different payoff function structure for gains and losses.  

The use of weighted probabilities in prospect theory offers greater flexibility, leading to more 
accurate predictions. Arcand and Graziosi (2005) have applied Rank-Dependent Expected Utility, 
generating values of the weighted probability function recursively. Snow and Warren (2005) 
introduced the concept of ambiguity to account for situations where an individual’s information is 
partial, increasing uncertainty in decision-making. In practice, different probability distributions can 
be observed, but selecting the appropriate distribution can be challenging. 

The standard model has been extended in various ways to enhance its accuracy. For instance, some 
researchers have made the taxpayer’s income endogenous by introducing labour supply decisions into the 
model (Cremer and Gahvari, 1995; Schroyen, 1997). Other studies have highlighted the significance of 
social norms and social interactions in individual tax evasion decisions. Cowell and Gordon (1988) 
introduced the concept of fairness, linking the provision of public goods to tax compliance decisions. They 
assumed that taxpayers consider the services they receive in return for their tax payments, with changes in 
the tax rate significantly impacting the supply of public goods and influencing tax evasion decisions. 

Gordon (1989) argued that tax evasion carries a psychic cost in the form of a loss of social prestige 
if detected. Dell’Anno (2009) extended Gordon’s model to analyse how tax morale – defined as the 
intrinsic motivation to pay taxes - affects tax evasion decisions. 

Only few empirical studies have investigated the relationship between technological R&D 
spending and the shadow economy. Markellos et al. (2016) noted a negative statistical relationship 
between the share of R&D expenditures over GDP and the scale of the shadow economy. Nevzorova 
et al. (2018) conducted a correlation analysis using a sample of 402 observations from 2010 to 2015, 
finding that countries with a high level of shadow economy tend to have extremely low R&D 
expenditure shares, indicating a negative relationship. Amanova (2022) empirically analysed the 
effect of R&D expenditure and digitalization on Uzbekistan’s shadow economy, finding an inverse 
correlation between shadow economy size and R&D expenditure. 

3. The Model 
To endogenize individuals’ gross income, several authors, have attempted to extend the standard 

Allingham and Sandmo model to incorporate the labor supply decision. Cowell (1985), in particular, 
was among the first to explore the idea that taxpayers could allocate their labor supply between legal 
and illegal activities. Building on this literature, we consider an economy populated by a given 
number of representative rational individuals who have access to two technologies: a primary 
production technology, which allows each of them to earn an income 𝑤! = 𝜃!𝑒! and a subsidiary 
production technology which generates an income 𝑤" = 𝜃"𝑒". Where 𝜃! and 𝜃" represent the 
individual’s earning ability in the primary and subsidiary production technologies, respectively, and 
𝑒! and 𝑒" denote the labour efforts exerted by the individual in each respective technology.  
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The tax authority is tasked with tax collection and conducting audits to ensure compliance. It can 
directly observe individuals’ income only from the primary production technology. Individuals are subject 
to an income tax rate t. However, income generated from the subsidiary technology is not directly 
observable by the tax authority and can only be accessed through audits. In this context, individuals can 
evade taxes by reallocating their labour efforts to the subsidiary production technology. To combat tax 
evasion, the tax authority employs a random auditing process with an auditing probability 𝑝 ∊ [0,1]. If 
an individual is audited and found to have evaded taxes, they are liable to pay a penalty F.1 

The economic literature has extensively demonstrated that technological advancements 
significantly enhance productivity, leading to a more skilled workforce with higher earning potential, 
thereby fostering long-term economic growth. Moreover, studies have shown that new technologies 
can coexist alongside older ones for extended periods (Battisti and Stoneman, 2005). 

It is plausible to expect that technological change amplifies the disparity in returns between 
primary and subsidiary production technologies. The rationale is that as technological progress 
unfolds, the adoption of more advanced technologies is likely to become widespread, making it 
increasingly difficult to conceal income generated from these labour technologies.  

Now, let’s assume individuals have quasi-linear preferences, represented as follows: 
 

𝑢-𝑐; 𝑒!; 𝑒"0: 𝑐 −
-𝑒!0
2

#

−
(𝑒")#

2  
(1) 

where 𝑐 denotes consumption and 𝑒 denotes labour effort. Note that 𝑢-𝑐; 𝑒!; 𝑒"0 is twice 
continuously differentiable, concave2, increasing in consumption and decreasing in labour efforts3. 
The individual’s consumption	𝑐, which can take any non-negative value, is given by: 

 𝑐 = 𝑤!(1 − 𝑡) + 𝑤"(1 − 𝑝) + 𝑝𝑤"(1 − 𝐹) (2) 

Therefore, the agent consumes all net income and acts rationally. The model under consideration is 
set in a single period where the individual’s sole decision variable is the level of labour effort allocated 
to each production technology. This decision aims to maximize the utility function while respecting the 
budget constraint (2). We can formalize the individual’s maximization problem as follows: 

 
max
$!;$"

𝑢-𝑐; 𝑒!; 𝑒"0: 𝑐 −
-𝑒!0
2

#

−
(𝑒")
2

#

 
(3) 

subject to 

𝑐 = 𝑤!(1 − 𝑡) + 𝑤"(1 − 𝑝) + 𝑝𝑤"(1 − 𝐹)  (4) 

  
 𝑒! ≥ 0; 𝑒" ≥ 0; 𝑒! + 𝑒" = 𝑇𝐿 (5) 

Eq. (4) ensures that labour efforts cannot be negative and their sum must equal to the total working 
time 𝑇𝐿.  

The optimal labour efforts that solve problem (3) are as follow (refer to the proof in Appendix 

A): 
 𝑒!∗ = 0;	𝑒"∗ = 𝑇𝐿 (6) 
 if  
 𝜃! ≤ '"()*!+)*-.

)*/
  

 
1Please note that tax evasion is a feasible option, given that 𝑝𝐹 ∊ [0,1], where both 𝑝 and 𝐹 are less than one. 
2This property is detailed in Appendix A. 
3 The simpler case of separable utility functions is commonly employed in the literature on optimal labor income taxation and contract theory to describe 
the preferences of agents. 



CNR-DSU Working Paper 3/2025 

 
 7 

 
𝑒!∗ =

𝑇𝐿 + 𝜃!(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)
2 ;	𝑒"∗ =

𝑇𝐿 − 𝜃!(1 − 𝑡) + 𝜃"(1 − 𝑝𝐹)
2  

(7) 

 if  
 '"()*!+)*-.

)*/
< 𝜃! < '"()*!+)0-.

)*/
  

 

 𝑒!∗ = 𝑇𝐿;	𝑒"∗ = 0 (8) 
 if  
 𝜃! ≥ '"()*!+)0-.

)*/
  

Therefore, the optimal amount of concealed income is: 
 𝑤"∗ = 𝑇𝐿𝜃" if 𝜃! ≤ '"()*!+)*-.

)*/
 (9) 

 𝑤"∗ =
-.'"*'!'"()*/)0'"#()*!+)

#
 if '"()*!+)*-.

)*/
< 𝜃! < '"()*!+)0-.

)*/
 (10) 

 𝑤"∗ = 0 if 𝜃! ≥ '"()*!+)0-.
)*/

 (11) 

Fig. 1 – The tax evasion – Primary technology productivity curve. The optimal amount of 
evaded income 𝒘𝒔

∗ in relation to the productivity of the primary technology 𝜽𝒑. The slope 
of the curve is  −𝜽𝒔(𝟏 − 𝒕)/𝟐 

Source: Authors’ own elaboration 

Figure 1 graphically illustrates the above statement. When the productivity level of the subsidiary 
technology, 𝜃", is given and the productivity of the primary technology, 𝜃!, is low, the individual opts for 
maximum effort in the subsidiary production technology, leading to maximum tax evasion. Conversely, at 
high productivity levels of 𝜃!, full tax compliance is observed. Within a specific range of 𝜃!,  as detailed in 
Appendix B, the optimal concealed income, 𝑤"∗, shows a negative correlation with the productivity of the 
primary technology. Hence, an increase (or decrease) in 𝜃! results in a decrease (or increase) in the amount 
of tax evasion. This relationship stems from 34"

∗

3'!
= − '"()*/)

#
< 0. 

0 𝜃) 

𝑤*∗ 

−𝜃!(1− 𝑡)/2 

𝜃!(1 − 𝑝𝐹) + 𝑇𝐿
1 − 𝑡

 
𝜃!(1 − 𝑝𝐹) − 𝑇𝐿

1 − 𝑡
 

𝑇𝐿𝜃* 
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Examining equations (8) and (9), it is evident that the optimal amount of tax evasion is positively 
affected by the productivity of the subsidiary technology, 𝜃". This relationship is evident from the 
fact that  34"

∗

3'"
> 0 (refer to Appendix B for the proof). An increase (or decrease) in the productivity 

of the subsidiary technology, 𝜃", causes the tax evasion-primary technology productivity curve in 
Figure 1 to shift upward (or downward), resulting in a steeper (or flatter) slope. 

Furthermore, the extent of tax evasion is inversely influenced by the difference in productivity 
between the primary and subsidiary technologies-𝜃! − 𝜃"0. Additionally, the negative impact of 
primary technology productivity on tax evasion depends on the levels of subsidiary technology 
productivity and the tax rate. A higher subsidiary technology productivity (or a lower tax rate) 
strengthens the negative effect of primary technology productivity on tax evasion, and conversely4. 

From eq. (9) it can be noted that the optimal amount of concealed income is positively related 
with the tax rate, since 34"

∗

3/
=	 '!'"

#
> 0 (refer to Appendix B for the proof).  

Figure 2 illustrates the relationship between the optimal amount of tax evasion and the tax rate. The 
slope of this curve is positive and is influenced by the productivity levels of both the primary and subsidiary 
technologies. Therefore, an increase (or decrease) in 𝜃! and/or 𝜃" results in the Tax Evasion - Tax Rate 
curve becoming steeper (or flatter). Consequently, the productivity levels of both technologies, regardless 
of their distance from each other, impact the positive correlation between the tax rate and individuals’ tax 
compliance decisions. When the distance between production technologies is minimal and both 
technologies have low productivity, the effect of a change in the tax rate on evasion is minimal because both 
the potential taxes owed and the opportunity cost of evasion are low. Conversely, if the distance between 
production technologies remains minimal but the productivity of both technologies is high, the impact of 
the tax rate on tax evasion is more pronounced. 

Fig. 2 – The Tax evasion – Tax rate curve. The relationship between the optimal amount 
of tax evasion 𝒘𝒔

∗ and the tax rate 𝒕. 
 

 

 

 

 

 

 

 

 

 

 

 
Source: Authors’ own elaboration. 

 
4 The mechanism is straightforward to explain: higher values of 𝜃! lead to increased tax evasion. Therefore, an increase in 𝜃" has a more pronounced 
effect on evasion when 𝜃! is high because evasion levels are already elevated. Conversely, when the tax rate is high, an increase in 𝜃" has a smaller 
impact on tax evasion because the potential tax liability is greater if individuals choose to evade fewer taxes. 

  

    

  

𝑡 0 1 

𝑤*∗ 

𝜃)𝜃*
2
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To summarize: 
- The larger the gap between the productivity of the primary and subsidiary technologies 

-𝜃! − 𝜃"0, the lower the level of tax evasion in the economy, and conversely;  
- The negative influence of primary technology productivity on tax evasion is positively 

correlated with the magnitude of subsidiary technology productivity; 
- The responsiveness of individuals in terms of tax compliance to changes in the tax rate 

depends on the productivity levels of both technologies. 

3.1  The effect of Social Customs 
Many behavioural economics authors emphasize that tax compliance decisions are 

influenced by social interactions rather than being made in isolation. Individuals are embedded 
in various social contexts that shape their choices. Gordon (1989) was an early advocate for 
integrating insights from social customs literature into the standard model of tax evasion. This 
integration aimed to explain the additional costs associated with tax evasion, known as 
‘psychic costs’. These costs include the loss of social standing or reputation when caught 
evading taxes. They escalate with the level of evasion and vary across individuals, leading to 
a segmentation of the population into evaders and non-evaders. 

In this section, we incorporate social customs and conformity into our tax evasion model 
using the framework developed by Myles and Naylor (1996). According to this framework, 
individuals derive social utility when taxes are paid honestly but incur social disutility when 
engaging in evasion. 

The utility of an individual who chooses not to evade taxes is: 
 

𝑢5$-𝑐; 𝑒!,5$0 = 𝑐 −
-𝑒!,5$0

#

2 + 𝑎𝑅(1 − 𝜇) + 𝑏 
(11) 

with 𝑎 ≥ 0 and 𝑏 ≥ 0. We assume that 𝑅′ > 0. You can think of 𝑎𝑅(1 − 𝜇) as the utility of 
conforming to the group of full tax compliance individuals. In fact, (1 − 𝜇) is the proportion of 
population not evading tax, and 𝑏 the utility obtained from following the social custom; while 𝑒!,5$  
is the labour effort exerted in the primary production technology, when the individual chooses not to 
use also the subsidiary production technology, and therefore it is equal to 𝑇𝐿.  

We can rewrite eq. (11) as:  
 

𝑢5$∗ -𝑐, 𝑒!,5$∗ 0 = 𝜃!(1 − 𝑡)𝑇𝐿 −
𝑇𝐿#

2 + 𝑎𝑅(1 − 𝜇) + 𝑏 
(12) 

Since the return from the social custom and from conformity is derived only from the honest 
behaviour, the individual’s utility level of who chooses evasion5, is given by: 

 𝑢$∗(𝑐; 𝑒!∗; 𝑒"∗) =
)
#
𝑇𝐿 N𝜃!(1 − 𝑡) + 𝜃"(1 − 𝑝𝐹) −

)
#
𝑇𝐿O+)

7
P𝜃!(1 − 𝑡) −

𝜃"(1 − 𝑝𝐹)Q
# 

(13) 

(See Appendix C for the proof). 

Tax evasion takes place if 𝑢5$∗ < 𝑢$∗   , while full tax compliance occurs if 𝑢5$∗ ≥ 𝑢$∗6 

As in Myles and Naylor (1996), it is possible to derive the critical proportion of evaders 𝜇∗: 

 
5 We consider the case in which individual chooses to exert effort in both production technologies. 
6 The weak inequality in this expression arises from the assumption that the individual prefers to adhere to social customs unless there is a utility loss 
associated with doing so. 
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 𝜇∗

= 1 −
𝑇𝐿# − 2𝑇𝐿P𝜃!(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)Q + P𝜃!(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)Q

# − 4𝑏
4𝑎𝑅  

(14) 

(See Appendix C for the proof). 
If 𝜇 > 𝜇∗then an individual of parameters (𝑎; 𝑏) chooses to evade taxes, instead if 𝜇 ≤ 𝜇∗then an 

individual of parameters (𝑎; 𝑏) chooses full tax compliance. 
Since 38

∗

3/
< 0; 38

∗

3'!
> 0 and  38

∗

3'"
< 0 (see Appendix C for the proof), an increase (decrease) 

in the tax rate leads to a decrease (increase) in the critical proportion 𝜇∗7, but what we want to 
emphasize is that, this critical value changes as the distance between the two production 
technologies -𝜃! − 𝜃"0  changes, in particular the greater (lower) the distance the greater 
(lower) the critical proportion of population evading tax, such that the individual of parameters 
(𝑎; 𝑏) begins to evade. 

Therefore, since a decrease in the distance between the two production technologies could induce 
more taxpayers to evade the relationship between this distance and tax evasion is strengthened. 

A branch of behavioral economy suggests that (Myles et al., 1996; Bethencourt et al., 2019) 
different tax compliance choices are just due to different parameters of social customs and 
social conformity, if so, it would be difficult to explain that different industries of the same 
economy have a different level of tax evasion, because this would mean that individuals with 
higher social customs and social conformity parameters, would all be employed in a specific 
industry, and it is very unrealistic. Hence, the intuition is that, holding the negative correlation 
between social customs parameters and tax evasion (as well as the positive relationship 
between tax rate and tax evasion) there exists another variable which strongly affects 
individual tax compliance decision, and it is represented by the distance between the accessible 
production technologies. 

4. Empirical analysis 
To test our theoretical framework empirically, we conduct an investigation using panel data. The 

econometric model aims to analyse the impact of R&D expenditure, used as a proxy for technological 
progress, on the shadow economy, which serves as a proxy for tax evasion. The model is specified as 
follows: 

 𝑙𝑛𝑆𝐻𝐴9/ = 𝛽: + 𝛽)𝑙𝑛𝑅𝐷9/ + 𝛽#𝑙𝑛𝐺𝐷𝑃9/+𝛽;𝑙𝑛𝐸𝐷𝑈9/ + 𝜀9/ (15) 

where 𝑖 = 1; 2;… . ; 𝑁 and 𝑡 = 1; 2;… . ; 𝑇 identify the country and time dimensions respectively. 
We collect annual data for 67 countries (refer to Appendix D for the full list). The dependent variable, 
Shadow Economy (SHA), is quantitatively estimated as a percentage of GDP based on Elgin et al. 
(2021), using the Multiple Indicators Multiple Causes (MIMIC) approach. The independent variable, 
R&D expenditure (RD), is expressed as a percentage of GDP. Following the existing literature, we 
also include control variables to mitigate any potential omitted variable bias: GDP, representing per 
capita gross domestic product (Schneider and Williams, 2013; Hassan and Schneider, 2016;); and 
EDU, indicating the global education index (Uyar et al., 2022). 

The Shadow Economy (SHA) data is a time series available until 2020, hence all 
observations span from 2001 to 2020 (20 observations). Table 1 outlines the variables, their 
definitions, and measurements, sources, and data descriptions. Table 2 provides summary 
statistics for the entire sample, while Table 3 illustrates the unconditional correlation matrix, 
highlighting the negative correlation between R&D expenditure and the size of the shadow 
economy. 

 
7 Note that in Myles and Naylor (1996), the sign of the derivative#$

∗

#%
  can be both positive and negative. However, empirical experiments (Kleven et al., 

2011) suggest that as the tax rate increases, the critical proportion of the population evading taxes tends to increase. 
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Tab. 1 – Data Description and Sources 
Variable Notation Description Source 
Shadow Economy 
 

SHA Size of the shadow economy as a percentage of 
GDP. 

Elgin, C., M. A. Kose, F. Ohnsorge, 
and S. Yu. 2021. “Understanding 
Informality.” 
CERP Discussion Paper 16497, 
Centre for Economic Policy 
Research, London. 
Informal Economy Database 
(worldbank.org). 

 
R&D expenditure 

 
RD 

 
Gross domestic expenditures on research and 
development (R&D), expressed as a percentage of 
GDP. They include both capital and current 
expenditures in the four main sectors: Business 
enterprise, Government, Higher education and 
Private non-profit. R&D covers basic research, 
applied research, and experimental development. 

 
World Development Indicators; 
World Bank 

 
GDP per capita 

 
GDP 

 
GDP per capita based on purchasing power 
parity (PPP). PPP GDP is gross domestic 
product converted to international dollars using 
purchasing power parity rates. An international 
dollar has the same purchasing power over 
GDP as the U.S. dollar has in the United States. 
Data are in constant 2017 international dollars. 

 
World Development Indicators; 
World Bank 

 
Education Index 

 
EDU 

 
Education index is quantified based on two 
variables: mean years of schooling (“MYS”) 
and expected years of schooling (“EYS”). 
MYS represents the years of education for a 
person aged 25 and older in their lifetime and 
EYS represents the years of schooling a child 
is expected to attend. The index is published by 
Human Development Report and each country 
is ranked from approximately 0 to 

 
UNESCO Institute for Statistics 
and other sources. 
https://globaldatalab.org/shdi/met
adata/edindex/ 

Note: The sample consists of 67 countries over the period 2001-2020. 

Tab. 2 – Summary Statistics 
Variable Obs. Mean Median Std. Dev. Min Max 
𝑙𝑛𝑆𝐻𝐴 1,340 3.214 3.268 0.491 2.088 4.219 
𝑙𝑛𝑅𝐷 1,340 -0.329 -0.153 1.146 -3.767 1.741 
𝑙𝑛𝐺𝐷𝑃 1,340 0.813 0.931 0.791 -1.960 2.490 
𝑙𝑛𝐸𝐷𝑈 1,340 4.385 4.403 0.124 3.903 4.566 

Note: Summary statistics for all 67 countries for the period 2001 to 2020.  
Source: Authors’ calculation. 

Tab. 3 – Correlation Matrix 
Variables 𝑙𝑛𝑆𝐻𝐴 𝑙𝑛𝑅𝐷 𝑙𝑛𝐺𝐷𝑃 𝑙𝑛𝐸𝐷𝑈 
𝑙𝑛𝑆𝐻𝐴 1    
𝑙𝑛𝑅𝐷 -0.663 1   
𝑙𝑛𝐺𝐷𝑃 -0.666 0.666 1  
𝑙𝑛𝐸𝐷𝑈 -0.609 0.7153 0.9223 1 

Note: Correlation matrix for all 67 countries for the period 2001 to 2020.  
Source: Authors’ calculation. 
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Given the variables, we aim to explore their short- and long – run relationship using panel 
cointegration techniques. The coefficients 𝛽	in Equation (15) capture the long – run effects between 
the variables, the error term is denoted by 𝜀. 

As pointed out by Shahbaz (2010), the log linear specification provides efficient results compared 
to a linear specification. Therefore, all variables are transformed into natural logarithms to ensure 
consistency, accuracy, and robustness in the estimators. 8 

The cointegrating regression considers only the long – run property of a given model, and does not deal 
with the short – run dynamics explicitly. Clearly, a good panel modelling should describe both short – run 
dynamics and the long – run equilibrium simultaneously. For this purpose, a panel vector error correction 
model (VECM) was developed. The specification of the Panel VECM model can be written as follows: 

 𝛥𝑙𝑛𝑆𝐻𝐴9/ = 𝛼: + 𝛼)𝛥𝑙𝑛𝑅𝐷9/ + 𝛼#𝛥𝑙𝑛𝐺𝐷𝑃9/+𝛼;𝛥𝑙𝑛𝐸𝐷𝑈9/+𝛼7𝐸𝐶𝑇9/*) + 𝜐9/ (16) 

Where ∆ is the first difference operator, 𝐸𝐶𝑇9/*) = 𝑙𝑛𝑆𝐻𝐴9/ − 𝛽: − 𝛽)𝑙𝑛𝑅𝐷9/*) − 𝛽#𝑙𝑛𝐺𝐷𝑃9/*) −
	𝛽;𝑙𝑛𝐸𝐷𝑈9/*)	 is the lagged error correction term (ECT) derived from the long – run cointegrating 
relationship of equation (15). Thus, 𝐸𝐶𝑇9/*) is deviation from long – run equilibrium at time 𝑡 − 1, while, 
𝛼), 𝛼# and 𝛼; are the short – run parameters, the adjustment parameter is denoted by 𝛼7.  

The long-run relationship described by Equation (15) holds if the time series for each of the four 
variables are non-stationary, integrated of the same order, and the variables form a cointegrated 
system. By definition, two or more non-stationary variables are cointegrated if there exists a linear 
combination of these variables that is stationary. Therefore, cointegration in the traditional sense 
indicates that the long-run relationship between the variables is linear (in our case, log-linear). 

An important consideration in panel data analysis is cross-sectional dependency (CSD), where the 
behaviour of one country may influence that of another. Traditional panel data estimation methods often assume 
cross-sectional independence, but the presence of CSD can lead to unreliable results. Using the Pesaran (2004) 
test for CSD, we reject the null hypothesis of cross-sectional independence at the 1% significance level. 9 

Prior to conducting cointegration tests, it is essential that all variables possess the same time series 
properties. Specifically, they should exhibit a unit root in levels and be integrated of the same order, denoted 
as I(d). The choice of unit root test in panel data analysis can be influenced by cross-sectional dependency 
(CSD). According to Hoechle (2007), first-generation panel unit root tests may yield biased results in the 
presence of CSD. Therefore, in our study, we employ second-generation panel unit root tests. Specifically, 
the CIPS test proposed by Pesaran (2007). In Table 4, the results of the unit root panel test using CIPS are 
presented. Based on the statistics, all variables are non-stationary at the level. The CIPS test rejects the null 
hypothesis of non-stationarity at the 1% significance level when the variables are I(1). 

Tab. 4 – Panel Unit Root Test  
 CIPS 

 Level First Difference 
𝑙𝑛𝑆𝐻𝐴 -1.437 -3.061*** 
𝑙𝑛𝑅𝐷 -1.603 -3.694*** 
𝑙𝑛𝐺𝐷𝑃 -1.633 -2.593*** 
𝑙𝑛𝐸𝐷𝑈 -2.036 -3.612*** 

Note: critical values for CIPS test (Pesaran, 2007) are -2.36 for 1% significance, -2.2 for 5% significance and -2.11 for 10% significance. In the CIPS test, 
the null hypothesis is that the panel is homogeneously non-stationary. ***, ** and * indicate the significance levels of 1%, 5% and 10%, respectively.  
Source: Authors’ calculation. 

To explore the possibility of long-run convergence among our data series, we employ a panel 
cointegration test.  

To confirm the cointegration relationship between the variables, we conduct two types of tests: 
the Pedroni (1999, 2004) and Westerlund (2005) tests. According to the results presented in Table 5, 
all tests reject the null hypothesis of no cointegration at the 1% significance level. 

 
8 None of the variables take on negative values. 
9 This result is not presented here to save space. Test results are available from the authors upon request. 
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Tab. 5. – Pedroni and Westerlund Cointegration Tests 
Pedroni cointegration test Westerlund cointegration test 

 t Statistics 𝑝	value Variance ratio 𝑝	value 
Modified Phillips – Perron  2.69 0.003 -4.124 0.000 
Phillips – Perron -5.229 0.000   
Augmented Dickey – Fuller  -3.356 0.000   

Note: The null hypothesis for both the Pedroni and Westerlund tests is: No cointegration exists across panels. The alternative hypothesis in the 
Pedroni test is: All panels are cointegrated. The alternative hypothesis in the Westerlund test is: Some panels are cointegrated.  
Source: Authors’ calculation. 

Since all variables in the model are cointegrated and exhibit a long-run association, we proceed 
to estimate the coefficients. 

4.1  Empirical results 
Once we confirm that the variables are cointegrated, we proceed to establish the long – run 

equilibrium relationship using the FMOLS (Fully Modified Ordinary Least Squares) estimation 
methods suitable for heterogeneous panels. The FMOLS, initially developed by Phillips and Hansen 
(1990) and Philips and Moon (1999), and introduced by Pedroni (2000), employs a non-parametric 
approach, such as Newey-West, to tackle issues of serial correlation and endogeneity. Using FMOLS 
ensures that we mitigate endogeneity and serial correlation problems in our model. 

Although FMOLS estimation method examines only long run parameters, the PMG (the Pooled 
Mean Group) estimation method introduced by Pesaran et al. (1999) calculates both long and short 
run parameters, including the adjustment for long – run equilibrium (speed of adjustment) and error 
variance to be heterogeneous. PMG constraints the long – run coefficients to be identical in an error 
correction framework, but allows the short run coefficients and error variances to differ across groups. 

Table 6 presents the results of the FMOLS and PMG estimations. 

Tab. 6 – FMOLS and PMG Estimation Results 
 Long – run  
 FMOLS PMG 

𝑙𝑛𝑅𝐷 -0.203*** 
(0.046) 

-0.022*** 
(0.006) 

𝑙𝑛𝐺𝐷𝑃 -0.384*** 
(0.123) 

-0.165*** 
(0.022) 

𝑙𝑛𝐸𝐷𝑈 1.193 
(0.835) 

-0.574*** 
(0.105) 

Adjusted R – squared 0.525  
Countries 67 67 

Observations 1,339 1,237 
 Short – run 
 PMG 

ECT -0.123*** 
(0.017) 

∆𝑙𝑛𝑅𝐷 0.004 
(0.005) 

∆𝑙𝑛𝐺𝐷𝑃 -0.474*** 
(0.033) 

∆𝑙𝑛𝐸𝐷𝑈 -0.073 
(0.087) 

Countries 67 
Observations 1,273 

Note: ***, ** and * indicate the significance levels of 1%, 5% and 10%, respectively. The standard errors are reported in brackets. 
Source: Authors’ calculation. 

Since the variables are expressed in natural logarithms, the coefficients can be interpreted as 
elasticities. The results from both long – run estimations indicate that R&D expenditure (lnRD) has a 
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negative and statistically significant effect on the shadow economy (lnSHA). According to the 
FMOLS model, in the long – run, a 1% increase in R&D expenditure is associated to a 0.203% 
decrease in the size of the shadow economy, while the long – run coefficient of PMG estimation is 
equal to -0.022. In the short – run the impact of R&D expenditure is not statistically significant. The 
error correction term is correctly negatively signed and highly significant, its magnitude is -0.123 
suggesting a speed adjustment process, which means that, if shadow economy is 1% out of 
equilibrium, a 12.3 percent adjustment towards equilibrium will take place within the first year. 

Regarding the control variables, the negative impact of GDP (lnGDP) is confirmed, both in the 
long- and short – run, which is consistent with findings in the existing literature. However, the impact 
of education (lnEDU) is not statistically significant. 

4.2  Robustness checks 
We assess the robustness of our results using alternative methods. First, we employ The DOLS 

estimator, which was introduced by Stock and Watson (1993) and later extended by Kao and Chiang 
(2000), the DOLS follows a parametric approach and counters these issues through lags and adding 
the leads of explanatory variables. To estimate the short – run model, we employ the MG (Mean 
Group) estimation, which imposes no restrictions on coefficient, both in the long- as well as in the 
short – run. 

Additionally, we differentiate between countries with high and low R&D expenditures to account 
for heterogeneity related to the level of R&D expenditure in our sample. Specifically, we divide our 
sample based on whether R&D expenditure (RD) is above the median (RD > 0.875%; high R&D) or 
below the median (RD < 0.875%; low R&D). 10 

Table 7 presents the results of short- and long – run estimations using DOLS and MG estimators. 

Tab. 7 – DOLS and MG Estimation Results 
 Long – run  
 DOLS MG 

𝑙𝑛𝑅𝐷 -0.2*** 
(0.052) 

0.128 
(0.087) 

𝑙𝑛𝐺𝐷𝑃 -0.412*** 
(0.137) 

-0.064 
(0.207) 

𝑙𝑛𝐸𝐷𝑈 1.324 
(0.937) 

-2.246 
(1.583) 

Adjusted R – squared 0.542  
Countries 67 67 

Observations 1,337 1,237 
 Short – run 
 MG 

ECT -0.513*** 
(0.045) 

∆𝑙𝑛𝑅𝐷 0.000 
(0.004) 

∆𝑙𝑛𝐺𝐷𝑃 -0.316*** 
(0.032) 

∆𝑙𝑛𝐸𝐷𝑈 -0.067 
(0.087) 

Countries 67 
Observations 1,273 

Note: ***, ** and * indicate the significance levels of 1%, 5% and 10%, respectively. The standard errors are reported in brackets. 
Source: Authors’ calculation. 

 

 
10 The mean of R&D expenditure is 1.187, with minimum and maximum values of 0.23 and 5.705, respectively.  
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In the long – run, the negative and significant influence of R&D expenditure on the size of shadow 
economy, is confirmed. In the short – run, the estimated coefficient is not statistically significant. The 
value of the error correction term is statistically significant at 1% level and equal to -0.513. 

The list of countries clustered according to R&D is presented in Table 8, whereas Table 9 shows 
the results of long- and short – run estimation for high and low R&D expenditure countries. 

Tab. 8 – Countries Clustered by R&D 
High R&D Expenditure  

Australia; Austria; Belgium; Brazil; Canada; China; Croatia; Czech Republic; Denmark; Estonia; Finland; France; 
Germany; Hungary; Iceland; Ireland; Israel; Italy; Japan; Korea, Rep.; Luxembourg; Malaysia; Netherlands; New 
Zealand; Norway; Portugal; Russian Federation; Singapore; Slovenia; Spain; Sweden; United Kingdom; United States. 

Low R&D Expenditure  
Armenia; Azerbaijan; Belarus; Bulgaria; Chile; Colombia; Costa Rica; Cyprus; Egypt, Arab Rep.; El Salvador; 
Georgia; Greece; Guatemala; India; Iran, Islamic Rep.; Kazakhstan; Kuwait; Kyrgyz Republic; Mexico; Moldova; 
Mongolia; Paraguay; Peru; Poland; Romania; Slovak Republic; South Africa, Tajikistan; Thailand; Trinidad and 
Tobago; Tunisia; Turkey; Ukraine; Uruguay. 

Note: we divide our sample based on whether R&D expenditure (RD) is above the median (RD > 0.875%; high R&D) or below the 
median (RD < 0.875%; low R&D). 

Tab. 9 – Sub-samples Estimation Results 
Long – run 

 High R&D countries Low R&D countries 
 FMOLS PMG FMOLS PMG 

𝑙𝑛𝑅𝐷 -0.323*** 
(0.120) 

-0.032*** 
(0.009) 

-0.112* 
(0.059) 

0.000 
(0.002) 

𝑙𝑛𝐺𝐷𝑃 -0.463** 
(0.194) 

-0.265*** 
(0.026) 

-0.429*** 
(0.136) 

-0.194*** 
(0.010) 

𝑙𝑛𝐸𝐷𝑈 1.154 
(1.358) 

-0.373*** 
(0.112) 

2.111** 
(0.904) 

0.007 
(0.054) 

Adj. R – squared 0.339  0.148  
Countries 33 33 34 34 

Observations 659 627 679 646 
Short – run 

 High R&D countries Low R&D countries 
 PMG PMG 

ECT -0.133*** 
(0.022) 

-0.26*** 
(0.039) 

∆𝑙𝑛𝑅𝐷 0.002 
(0.009) 

0.010** 
(0.005) 

∆𝑙𝑛𝐺𝐷𝑃 -0.582*** 
(0.052) 

-0.32*** 
(0.034) 

∆𝑙𝑛𝐸𝐷𝑈 -0.155 
(0.135) 

-0.096 
(0.088) 

Countries 33 34 
Observations 627 646 

Note: ***, ** and * indicate the significance levels of 1%, 5% and 10%, respectively. The standard errors are reported in brackets. 
Source: Authors’ calculation. 

In the long – run the R&D expenditure negatively affects the shadow economy in each subsample. 
The R&D expenditure is more elastic with shadow economy, in high R&D countries. In the short – 
run the R&D expenditure has a positive effect on the size of the shadow economy only for low R&D 
countries, this impact is not statistically significant for high R&D countries. 

5. Conclusions  
The economic literature on tax evasion and shadow economy has flourished for over half a 

century, and understanding this phenomenon is vital for policymakers due to its negative impact on 
the economy. Economists widely agree that the primary driver of tax evasion is the tax burden. Both 
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theoretical and empirical literature supports a positive relationship between tax burden and evaded 
income, which is intuitively logical. Nonetheless, the literature has found evidence of other factors 
that could have an important influence on the size of shadow economy. The technological progress, 
which is considered the main factor driving economic growth, must necessarily have an important 
influence on tax evasion and shadow economy. The connection between technological progress and 
the shadow is still unexplored in the literature. 

This paper has set out a model of tax evasion, linking technological progress, labour efforts and 
tax evasion. It has been shown that, consistent with tax evasion literature, there exists a positive 
relationship between taxation and tax evasion. The main result is that, both the individual tax 
compliance decision, and therefore the optimal level of tax evasion, and the individual’s sensitivity 
to tax rate changes, is strongly affected by the return gap on the accessible production technologies’ 
changes.   

Since many authors claim that, individual tax evasion choice is affected not only by tax rate but 
also by tax morale, social customs, social conformity and other psychics variables, we have extended 
our framework with social customs, and it has been shown that the correlation between the return gap 
on the accessible production technologies’ changes and the optimal level of tax evasion, it is even 
stronger. 

Furthermore, we conduct an empirical analysis which provides consistent support for the 
theoretical findings. We investigate the role of R&D expenditure used as a proxy for the technological 
progress, in determining the size of the shadow economy, in a sample of 67 countries from 2001 to 
2020, using the Pedroni (1999, 2004) and Westerlund (2005) panel cointegration tests. Both the panel 
cointegration tests provides evidence of a long – run equilibrium among our variables. This long – 
run cointegration relationship is confirmed using alternative estimation method in form of the DOLS 
and FMOLS. A VECM is employed to analyze the short – run effect, which is estimated using PMG 
and MG estimators; the short – run parameters are not statistically significant. The negative impact 
of R&D expenditure on the size of the shadow economy is larger in high R&D expenditure countries; 
instead for the low R&D countries, in the short – run, R&D expenditure positively affects the size of 
the shadow economy. 

Considering that spending in research and development not only provides many social and 
economic benefits but is also an important driver of economic growth, from a policy perspective, the 
role of R&D expenditure in curbing the size of shadow economy is of paramount importance. These 
findings are essential for policymakers to formulate the right policies. 
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Appendix A 
The individual maximization problem is of the following form: 

 
max
$!;$"

𝑢-𝑐; 𝑒!; 𝑒"0: 𝑐 −
-𝑒!0
2

#

−
(𝑒")
2

#

 
 

subject to 

𝑐 = 𝑤!(1 − 𝑡) + 𝑤"(1 − 𝑝) + 𝑝𝑤"(1 − 𝐹)  

  
 𝑒! ≥ 0; 𝑒" ≥ 0; 𝑒! + 𝑒" = 𝑇𝐿  

 

Since 𝑤! =	𝜃!𝑒! and 𝑤" = 𝜃"𝑒" , we can rewrite the utility function as: 

𝑢(·) = 	𝜃!(1 − 𝑡)(𝑇𝐿 − 𝑒") + 𝜃"(1 − 𝑝𝐹)𝑒" −
(𝑇𝐿 − 𝑒")

2

#

−
(𝑒")#

2  

The first order condition is:  
𝜕𝑢
𝜕𝑒"

= −𝜃!(1 − 𝑡) + 𝜃"(1 − 𝑝𝐹) + 𝑇𝐿 − 𝑒" − 𝑒" 

Equating the first order condition to zero, and solving for 𝑒": 

𝑒"∗ =	
𝑇𝐿 − 𝜃!(1 − 𝑡) + 𝜃"(1 − 𝑝𝐹)

2  

3<
3$"

> 0 when 𝑒" <
-.*'!()*/)0'"()*!+)

#
 and 3<

3$"
< 0 when 𝑒" >

-.*'!()*/)0'"()*!+)

#
, therefore 𝑒"∗ 

is a point of maximum. 
Checking the constraints: 

𝑒"∗ > 0 ⇒ 𝜃! <
𝜃"(1 − 𝑝𝐹) + 𝑇𝐿

(1 − 𝑡)  

𝑒"∗ < 𝑇𝐿 ⇒ 𝜃! >
𝜃"(1 − 𝑝𝐹) − 𝑇𝐿

(1 − 𝑡)  

Therefore: 
If '"()*!+)*-.

()*/)
< 𝜃! <

'"()*!+)0-.
()*/)

, then 𝑒"∗ =	
-.*'!()*/)0'"()*!+)

#
, and 𝑒!∗ = 𝑇𝐿 −

-.*'!()*/)0'"()*!+)

#
=	 -.0'!

()*/)*'"()*!+)

#
; 

If 𝜃! ≤
'"()*!+)*-.

()*/)
 then 𝑒"∗ = 𝑇𝐿	and 𝑒!∗ = 𝑇𝐿 − 𝑇𝐿 = 0; 

If 𝜃! ≥
'"()*!+)0-.

()*/)
 then 𝑒"∗ = 0 and 𝑒!∗ = 𝑇𝐿. 
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Appendix B 

Given that 𝑤"∗ = 𝜃"𝑒"∗ =
'"-.*'!'"()*/)0'"

#()*!+)

#
; the first derivates of 𝑤"∗ with respect to all 

other parameters are: 
𝜕𝑤"∗

𝜕𝜃!
= −

𝜃"(1 − 𝑡)
2  

𝜕𝑤"∗

𝜕𝜃"
=
𝑇𝐿 − 𝜃!(1 − 𝑡) + 2𝜃"(1 − 𝐹)

2  
34"∗

3'"
> 0	when 𝜃! <

-.0#'"()*!+)
()*/)

; which is always satisfied since the existence condition of 𝑒"∗: 

𝜃! <
'"()*!+)0-.

()*/)
. 

𝜕𝑤"∗

𝜕𝑡 = 𝜃!𝜃" 
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Appendix C 
Now, we have to show that: 

𝑢$∗(𝑐; 𝑒!∗; 𝑒"∗) =
)
#
𝑇𝐿 N𝜃!(1 − 𝑡) + 𝜃"(1 − 𝑝𝐹) −

)
#
𝑇𝐿O+)

7
P𝜃!(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)Q

# 
Starting from the utility function: 

𝑢-𝑐; 𝑒!; 𝑒"0: 𝑐 −
-𝑒!0
2

#

−
(𝑒")
2

#

 
And given that: 

𝑐 = 𝜃!𝑒!(1 − 𝑡) + 𝜃"𝑒"(1 − 𝑝𝐹) 

𝑒!∗ =
𝑇𝐿 + 𝜃!(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)

2 ;	𝑒"∗ =
𝑇𝐿 − 𝜃!(1 − 𝑡) + 𝜃"(1 − 𝑝𝐹)

2  
Then: 

𝑢$∗(𝑐; 𝑒!∗; 𝑒"∗) = 𝜃!(1 − 𝑡)
𝑇𝐿 + 𝜃!(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)

2

+ 𝜃"(1 − 𝑝𝐹)
𝑇𝐿 − 𝜃!(1 − 𝑡) + 𝜃"(1 − 𝑝𝐹)

2 −
1
2k
𝑇𝐿 + 𝜃!(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)

2 l
#

−
1
2k
𝑇𝐿 − 𝜃!(1 − 𝑡) + 𝜃"(1 − 𝑝𝐹)

2 l
#

 

 

𝑢$∗(𝑐; 𝑒!∗; 𝑒"∗) = P𝜃!(1 − 𝑡) + 𝜃"(1 − 𝑝𝐹)Q
𝑇𝐿
2

+
1
2 P𝜃!

#(1 − 𝑡)# − 2𝜃!𝜃"(1 − 𝑡)(1 − 𝑝𝐹) + 𝜃"#(1 − 𝑝𝐹)#Q

−
1
8 n𝑇𝐿

# + 2𝑇𝐿 o𝜃!(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)p + o𝜃!(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)p
#
q

−
1
8 n𝑇𝐿

# − 2𝑇𝐿 o𝜃!(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)p + o𝜃!(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)p
#
q 

 

𝑢$∗(𝑐; 𝑒!∗; 𝑒"∗) = P𝜃!(1 − 𝑡) + 𝜃"(1 − 𝑝𝐹)Q
𝑇𝐿
2 +

1
2 o𝜃!

(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)p
#

−
1
8 n2𝑇𝐿

# + 2o𝜃!(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)p
#
q 

 

𝑢$∗(𝑐; 𝑒!∗; 𝑒"∗) = P𝜃!(1 − 𝑡) + 𝜃"(1 − 𝑝𝐹)Q
𝑇𝐿
2 −

𝑇𝐿#

4 +
1
2o𝜃!

(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)p
#

−
1
4 o𝜃!

(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)p
#
 

Therefore: 
𝑢$∗(𝑐; 𝑒!∗; 𝑒"∗) =

)
#
𝑇𝐿 N𝜃!(1 − 𝑡) + 𝜃"(1 − 𝑝𝐹) −

)
#
𝑇𝐿O+ )

7
P𝜃!(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)Q

# 
 

Since: 

𝑢5$∗ -𝑐, 𝑒!,5$∗ 0 = 𝜃!(1 − 𝑡)𝑇𝐿 −
𝑇𝐿#

2 + 𝑎𝑅(1 − 𝜇) + 𝑏 
We have that 𝑢5$∗ = 𝑢$∗ ; if: 

𝜃!(1 − 𝑡)𝑇𝐿 −
-.#

#
+ 𝑎𝑅(1 − 𝜇) + 𝑏 = )

#
𝑇𝐿 N𝜃!(1 − 𝑡) + 𝜃"(1 − 𝑝𝐹) −

)
#
𝑇𝐿O	 + )

7
P𝜃!(1 −

𝑡) − 𝜃"(1 − 𝑝𝐹)Q
# 

Solving for 𝜇: 
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𝑎𝑅(1 − 𝜇) + 𝑏

=
1
2𝜃!

(1 − 𝑡)𝑇𝐿 − 𝜃!(1 − 𝑡)𝑇𝐿 −
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4𝑇𝐿

# +
1
2𝑇𝐿

# +
1
2𝜃"
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+
1
4 P𝜃!

(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)Q
# 

𝑎𝑅(1 − 𝜇) + 𝑏 =
1
4𝑇𝐿

# −
1
2𝜃!
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1
4 P𝜃!
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# 

𝑎𝑅(1 − 𝜇) =
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4 N𝑇𝐿

# − 2𝑇𝐿 o𝜃!(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)p + P𝜃!(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)Q
#O − 𝑏 

𝜇∗ = 1 −
𝑇𝐿# − 2𝑇𝐿P𝜃!(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)Q + P𝜃!(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)Q

# − 4𝑏
4𝑎𝑅  

 
Now we prove that 38

∗

3/
< 0; 38

∗

3'!
> 0 and 38

∗

3'"
< 0. 

38∗

3/
= − )

7=>
N2𝑇𝐿𝜃! − 2𝜃! o𝜃!(1 − 𝑡) − 𝜃"(1 − 𝑝𝐹)pO which is lower than zero when: 𝑇𝐿 −

𝜃!(1 − 𝑡) + 𝜃"(1 − 𝑝𝐹) > 0 ⇒	 𝜃! < '"()*!+)0-.
)*/

; which is the existence condition of 𝑒"∗ =
-.*'!()*/)0'"()*!+)

#
; therefore 38
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7=>
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'"()*!+)0-.

)*/
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#
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when: 𝑇𝐿 − 𝜃!(1 − 𝑡) + 𝜃"(1 − 𝑝𝐹) > 0 ⇒ 𝜃! < '"()*!+)0-.
)*/

; which is the existence condition of 

𝑒"∗ =
-.*'!()*/)0'"()*!+)

#
; therefore  38

∗
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